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UNIVERSAL QUADRATIC FORMS OVER MULTIQUADRATIC FIELDS
VI´TEˇZSLAV KALA AND JOSEF SVOBODA
Abstract. For all positive integers k and N we prove that there are infinitely many
totally real multiquadratic fields K of degree 2k over Q such that each universal quadratic
form over K has at least N variables.
1. Introduction
The arithmetics of quadratic forms has a colorful history, and we will be interested in
one of its important aspects, universality : a totally positive definite quadratic form with
coefficients in the ring of integers OK of a totally real number field K is universal if it
represents all totally positive integers. To slightly simplify our discussion, let us denote by
m(K) the minimal arity of such a form. Starting with the classical fact that m(Q) = 4
(e.g., the sum of 4 squares is universal), the theory of universal forms over Z was essentially
completed by the 15- and 290- theorems [Bh], [BH].
This was followed by a number of results concerning forms over real quadratic fields:
besides from some interesting theorems over specific fields of small discriminant obtained
by various authors [CKR], [De], [Sa], Kim [Ki1], [Ki2] showed that Q(
√
n2 − 1) always has
an 8-ary universal form and also proved that there are only finitely many values of D such
that Q(
√
D) has a diagonal 7-ary universal quadratic form. Blomer and Kala [BK], [Ka1]
recently used continued fractions to construct, for each N , infinite families of real quadratic
fields such that m(Q(
√
D)) ≥ N in these families.
In general, already in 1945 Siegel [Si] proved that Q and Q(
√
5) are the only number
fields (of any degree) over which the sum of any number of squares is universal (over OK).
This changes dramatically when one enlarges OK : recently Collinet [Co] showed that the
sum of five squares is universal over OK
[
1
2
]
for any number field K.
Otherwise, not much is known beyond the quadratic case. One of the reasons why the
higher degree case is harder is that the theory of continued fractions and their convergents
is not available, and hence we do not understand the arithmetics of OK well enough.
Nevertheless, the goal of this short note is to generalize the aforementioned result of
Blomer and Kala to the case of multiquadratic fields, i.e., number fields of the form K =
Q(
√
p1,
√
p2, . . . ,
√
pk) with k ≥ 1 and p1, p2, . . . , pk ∈ N.
Theorem 1. For all pairs of positive integers k, N there are infinitely many totally real
multiquadratic fields K of degree 2k over Q such that m(K) ≥ N .
Date: September 24, 2018.
2010 Mathematics Subject Classification. 11E12, 11R20.
Key words and phrases. universal quadratic form, multiquadratic number field, additively indecomposable
integer.
V. K. was supported by Czech Science Foundation GACˇR, grant 17-04703Y. J. S. was supported by the
project SVV-2017-260456.
1
2 VI´TEˇZSLAV KALA AND JOSEF SVOBODA
As far as we know, this is the first general result over number fields of degree greater than
two. Our general approach is the same as in [Ka1], where one produces sufficiently many
additively indecomposable integers (with suitable additional properties, see Proposition 6
below). We proceed by induction on k, starting with a quadratic subfield Q(
√
p1) of K in
which we can find the desired elements ai. Then we inductively choose sufficiently large
integers p2, . . . , pk and show that our elements ai retain their necessary properties. For this
we need some basic results on the arithmetics of totally positive integers in K, which we
collect in Section 2. We first review them in the biquadratic case which is notationally
simpler and only then give the general statements.
An interesting question is whether it is possible to generalize our arguments to other
number fields K. One could perhaps hope to push them as far as general totally real fields
of even degree over Q, but this seems not to be easy. Anyway, as we rely on the existence of
a quadratic subfield of K, the situation of odd degree fields will certainly require significant
new ideas.
2. Totally positive integers
For the study of universal quadratic forms, we first need to recall some basics about
number fields, mostly concerning totally positive integers and indecomposables.
Let K be a totally real number field of degree d over Q, i.e., K has exactly d real
embeddings σ : K →֒ R. An element α ∈ K is totally positive if σ(α) > 0 for all σ. We’ll
write α ≻ β if α − β is totally positive, and α  β if α = β or α ≻ β; the semiring of
all totally positive algebraic integers is denoted by O+K . Finally, a totally positive integer
α ∈ O+K is (additively) indecomposable if it can’t be decomposed as the sum of two totally
positive integers.
Let’s also make precise our definitions concerning quadratic forms over K. Such an
N -ary form is defined as Q(x1, . . . , xN ) =
∑
1≤i≤j≤N aijxixj with coefficients aij ∈ OK .
We say that Q is totally positive definite if σ(Q)(x1, . . . , xN ) :=
∑
1≤i≤j≤N σ(aij)xixj is
a positive definite quadratic form for each σ : K →֒ R. And a form Q is universal if it
represents all totally positive integers, i.e., for each α ∈ O+K there are x1, . . . , xN ∈ OK with
Q(x1, . . . , xN ) = α.
2.1. Biquadratic fields. In the case of biquadratic fields, the notation and results are
clearer, so we’ll start with it as an example. Hence in this subsection, let K = Q(
√
p,
√
q)
be a totally real biquadratic number field, i.e., p and q are squarefree positive integers such
that K has degree 4 over Q. Define
r :=
pq
gcd(p, q)2
;
for an element α = a+ b
√
p+ c
√
q + d
√
r ∈ K with a, b, c, d ∈ Q we order its conjugates as
α(1) = a+ b
√
p+ c
√
q + d
√
r,
α(2) = a+ b
√
p− c√q − d√r,
α(3) = a− b√p+ c√q − d√r,
α(4) = a− b√p− c√q + d√r.
The ring of integers OK can be explicitly described in terms of the values of p, q, r modulo
4. The precise description is a little technical; we will only need to know that if α ∈ OK ,
then its coefficients always lie in 14Z.
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Example 2. In the case p ≡ 3 (mod 4), q ≡ r ≡ 2 (mod 4), an integral basis for OK
can be chosen of the form 1,
√
p,
√
q,
√
q+
√
r
2 ; when p ≡ q ≡ r ≡ 1 (mod 4), one can take
1,
1+
√
p
2 ,
1+
√
q
2 ,
(1+
√
p)(1+
√
q)
4 as a basis – see, e.g., [Ja, Proposition 8.22].
We will later need to know that the trace of a totally positive integer can’t be too small:
Lemma 3. Suppose that α = a + b
√
p + c
√
q + d
√
r ∈ O+K (with a, b, c, d ∈ Q). Let Tr
denote the trace from K to Q.
(1) If b 6= 0, then Tr(α) > √p.
(2) If c 6= 0, then Tr(α) > √q.
(3) If d 6= 0, then Tr(α) > √r.
Finally, if α /∈ Z, then Tr(α) > min(√p,√q,√r).
Proof. All the cases are analogous, so let’s prove only the one when b 6= 0. Since α ∈ OK ,
the coefficients a, b, c, d are quarter-integers. The element α is totally positive, and so
α(1) + α(2) > 0. Hence a > −b√p. Similarly, from α(3) + α(4) > 0 it follows that a > b√p.
Since b is a nonzero quarter-integer, the inequality a > |b√p| implies that a >
√
p
4 , and
hence Tr(α) = 4a >
√
p. 
Since we know integral bases explicitly, we can sometimes sharpen the estimates (although
we won’t need this in the paper). E.g., in the first case from Example 2, we have Tr(α) >
min(4
√
p, 2
√
q, 2
√
r) if α 6= 0.
Similarly as in the quadratic case [BK, Lemma 3], the previous lemma implies that all
elements of sufficiently small norm are indecomposable:
Proposition 4. Assume that α ∈ O+K satisfies N(α) < 2min(
√
p,
√
q,
√
r) and n ∤ α
for every n ∈ N, n > 1. Then α is indecomposable.
Proof. Denote by δ := min(
√
p,
√
q,
√
r). For contradiction, suppose that α = β + γ where
β, γ ∈ O+K . Then we have
2δ > N(α) =
(
β(1) + γ(1)
)(
β(2) + γ(2)
)(
β(3) + γ(3)
)(
β(4) + γ(4)
)
>
> Tr
(
β(1)γ(2)γ(3)γ(4)
)
+Tr
(
β(1)β(2)β(3)γ(4)
)
+ other (positive) summands.
The final part of Lemma 3 implies that β(1)γ(2)γ(3)γ(4) or β(1)β(2)β(3)γ(4) must be a (pos-
itive) integer. Without loss of generality, suppose that it is the former. This element then
equals each of its conjugates and we have
β(1)γ(2)γ(3)γ(4) = β(2)γ(1)γ(4)γ(3) ∈ N.
If we divide the equality by the norm of γ and multiply it by γ(1), we get
β = β(1) =
β(2)γ(1)γ(4)γ(3)
N(γ)
γ(1) =
u
v
γ,
where u and v are coprime natural numbers. Then we have β = uµ and γ = vµ for
µ := γ/v ∈ OK , so α = (u+ v)µ is divisible by the integer u+ v ≥ 2, a contradiction. 
Let us briefly remark that much more is known about the sizes of norms of indecompos-
ables in the quadratic case (thanks to their description in terms of continued fractions) –
see, e.g., [JK], [Ka2].
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2.2. Multiquadratic fields. Let us now turn our attention to general multiquadratic
fields. In this subsection, take k ∈ N and let p1, . . . , pk be squarefree positive integers
such that K := Q(
√
p1, . . . ,
√
pk) has degree 2
k over Q. To describe the Galois group
of K and its ring of integers OK , for I ⊂ {1, . . . , k} we denote by pI the squarefree
part of
∏
i∈I pi, i.e., pI =
1
ℓ2
∏
i∈I pi, where ℓ is the largest integer such that the right
hand side is an integer. Clearly, {√pI |I ⊂ {1, . . . , k}} is a Q-vector space basis of K and
Z[
√
pI |I ⊂ {1, . . . , k}] ⊂ OK .
Let σi : K → K be the automorphism of K defined by σi(pj) = (−1)δijpj , where δij is
the Kronecker delta. For I ⊂ {1, . . . , k} let σI :=
∏
i∈I σi, so that Gal(K/Q) = {σI |I ⊂
{1, . . . , k}}.
Note that in the notation of Subsection 2.1, we have α(1) = σ∅(α), α(2) = σ2(α), α(3) =
σ1(α), and α
(4) = σ12(α).
It is possible to describe a Z-basis for OK explicitly [Sch]; we will only need to know that
(2.1) OK ⊂ 1
2k
Z [
√
pI |I ⊂ {1, . . . , k}] .
This follows from the proof of Satz 3.2 in [Sch], but one can also prove it easily by induction
on k in the case when pi are pairwise coprime (so that pI =
∏
i∈I pi), as we now sketch:
First, at most one of pi is even, and so we can reorder them so that p2, . . . , pk are odd.
Denote byKi := Q(
√
p1, . . . ,
√
pi). We’ll prove the claim by induction on i; for the quadratic
field K1 it’s well-known. Hence it remains to show that OKi ⊂ 12OKi−1 [
√
pi] for i ≥ 2. Let
a
2 +
b
2
√
pi ∈ OKi with a, b ∈ Ki−1. Its relative trace from Ki to Ki−1 is a, and so a ∈ OKi−1 .
Considering its relative norm then implies that b2pi ∈ OKi−1 . By our assumptions on pi,
none of its prime factors ramifies in Ki−1, and so the prime ideal factorization of b2piOKi−1
implies that b ∈ OKi−1 , as required.
Finally, we will need a generalization of Lemma 3.
Lemma 5. Suppose that α =
∑
I⊂{1,...,k} aI
√
pI ∈ O+K (with aI ∈ Q). If aI 6= 0, then
TrK/Q(α) >
√
pI .
Proof. We have ∑
J, #I∩J is even
σJ(α) = 2
k−1(a∅ + aI
√
pI) > 0,
because α is totally positive, and similarly∑
J, #I∩J is odd
σJ(α) = 2
k−1(a∅ − aI
√
pI) > 0.
Putting these two inequalities together, we see that a∅ > |aI |√pI ≥ 12k
√
pI , as 0 6= aI ∈ 12kZ.
This implies that TrK/Q(α) = 2
ka∅ >
√
pI . 
3. Proof of Theorem 1
We are now ready to prove Theorem 1. As in the quadratic case, our approach is based
on the following proposition:
Proposition 6 ([Ka1], Proposition 2.1). Assume that K is a totally real number field such
that there are elements a1, a2, . . . , aN ∈ O+K such that for all 1 ≤ i < j ≤ N we have: if
c ∈ OK and 4aiaj  c2, then c = 0. Then there are no universal totally positive (N −1)-ary
quadratic forms over OK .
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We shall not repeat its proof here, but the rough idea is that the inequalities (essentially)
force each universal form over K to contain the diagonal subform a1x
2
1+ · · ·+ aNx2N . Note
that the proposition covers arbitrary integral forms without assuming that they are classical
(in the sense of having all cross-coefficients divisible by 2).
Blomer and Kala then used convergents to the continued fraction for
√
D to construct
the elements a1, a2, . . . , aN , and hence to prove the following theorem.
Theorem 7 ([BK], Theorem 1, and [Ka1], Theorem 1.1). For every N there exist infinitely
many squarefree positive integers D such that K = Q(
√
D) contains elements a1, a2, . . . aN
from Proposition 6. Consequently, every universal (totally positive) quadratic form over
Q(
√
D) has at least N variables, i.e., m(Q(
√
D)) ≥ N .
As we already indicated in the introduction, we will now use these results to prove
Theorem 1.
Proof of Theorem 1. To prove the theorem for a multiquadratic field Q(
√
p1, . . . ,
√
pk), we
will proceed by induction on k. Theorem 7 gives the desired result in the quadratic case
when k = 1.
For the induction step, assume that p1, . . . , pk are pairwise coprime squarefree positive
integers, so that K := Q(
√
p1, . . . ,
√
pk) has degree 2
k and satisfies the assumptions of
Proposition 6, i.e., there are elements a1, a2, . . . aN ∈ O+K such that for all 1 ≤ i < j ≤ N
we have that if c ∈ OK and 4aiaj  c2, then c = 0.
The idea of our proof is to find some squarefree q = pk+1, coprime to all pi, such that
in L := K(
√
q), the elements ai still satisfy the condition of Proposition 6. We will use our
knowledge (2.1) about the rings of integers, combined with Lemma 3 which gives a lower
bound on the trace of positive integers. In the proof, TrK denotes the trace from K to Q
and TrL is the trace from L to Q (note that if α ∈ K ⊂ L, then TrL(α) = 2TrK(α)).
Namely, choose a squarefree positive integer q = pk+1 such that
• √q > 2k+1,
• √q > 8TrK(aiaj) for every 1 ≤ i < j ≤ N , and
• gcd(pi, q) = 1 for each i = 1, . . . , k.
To verify the assumptions of Proposition 6 for a1, a2, . . . aN ∈ L = K(√q), suppose that
4aiaj  c2 for some indices 1 ≤ i < j ≤ N and c ∈ OL. This in particular implies that
4TrL(aiaj) ≥ TrL(c2).
Let c = u+ v
√
q where u, v ∈ K, and let’s distinguish three cases:
a) v = 0. Then c ∈ K, and in fact c ∈ OK = K ∩ OL. Then our assumption on the
elements ai implies that c = 0.
b) u = 0, v 6= 0. Then c2 = v2q and we have
TrL(c
2) = qTrL(v
2) = 2qTrK(v
2) ≥ 1
2k+1
q >
√
q.
Here the last inequality holds by the first assumption on q, and the inequality TrK(v
2) ≥
1
2k+2
holds since by (2.1), v
√
q ∈ OL implies that v ∈ 12k+1Z[
√
pI |I ⊂ {1, . . . , k}], and then
v2 ∈ 1
22k+2
Z[
√
pI |I ⊂ {1, . . . , k}], and is totally positive.
But then we have contradiction with
√
q > 8TrK(aiaj) = 4TrL(aiaj) ≥ TrL(c2).
c) u, v 6= 0. Then
c2 = u2 + v2q + 2uv
√
q =:
∑
I⊂{1,...,k+1}
aI
√
pI ∈ O+L .
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Since 2uv is nonzero, at least one of the coefficients aI with k + 1 ∈ I is nonzero, and
so Lemma 5 implies that TrL(c
2) > min(
√
pI |k + 1 ∈ I) = √q (this equality holds because
pI =
∏
i∈I pi and pk+1 = q). But then we have
8TrK(aiaj) = 4TrL(aiaj) ≥ TrL(c2) > √q,
which contradicts the second condition of the definition of q.
We have proved that c = 0, and so the elements ai satisfy the condition of Proposition 6
(over L), concluding the proof. 
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